This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

IEEE TRANSACTIONS ON POWER SYSTEMS

Robust AC Optimal Power Flow for Power Networks
With Wind Power Generation
Xiaoqing Bai, Liyan Qu, Member, IEEE, and Wei Qiao, Senior Member, IEEE

Abstract—This letter presents a robust optimization-based AC
optimal power flow (RACOPF) model for power networks with
uncertain wind power generation. Numerical results on three test
systems with uncertain wind power show that the RACOPF out-
performs the robust DC-OPF model in the literature.

Index Terms—Optimal power flow (OPF), robust optimization,
second-order cone programming (SOCP), wind power.

I. INTRODUCTION

UE to the increasing uncertainty caused by the increasing

penetration of the intermittent renewable energy sources
(RESs), such as wind power, the traditional deterministic op-
timization-based optimal power flow (OPF) may not provide
the optimal control strategy for the power system operation. A
promising approach to model the OPF involving uncertainty is
robust optimization (RO). An affinely adjustable robust OPF
(AAROPF) model was proposed in [1] for power networks with
RES:s. It minimizes the total cost of the conventional generators
to balance the load and RES output variations defined by the un-
certainty sets. However, the DC power flow was considered in
the AAROPF, which neglects transmission losses and may lead
to an infeasible OPF solution.

This letter extends the AAROPF model to propose a
RO-based AC-OPF (RACOPF) model for power networks with
uncertain wind power. However, a robust AC OPF problem in
general is intractable or noncomputable. To solve this problem,
the AC power flow constraints in the RACOPF are relaxed
using the second-order cone programming (SOCP) technique
[2], [3] and the RACOPF is then converted into a mixed-integer
SOCP (MISOCP) model using a robust counterpart approach
[4], which can be solved efficiently by an existing solver,
such as Gurobi [5]. Numerical results show that the converted
RACOPF is more robust than the AAROPF.

II. RACOPF FOR POWER NETWORKS WITH WIND POWER

Consider a typical power network, where B denotes the set
of n buses, £ denotes the set of [ transmission lines, G(G C B)
denotes the set of g buses to which conventional generators
are connected, and W(W C B) denotes the set of w buses to
which wind farms are connected. The transfer admittance be-
tween buses i and k(i, k € B) is G, + jBir. The complex
voltage at bus i(i € B) is V; = e¢; + jf; and its amplitude is
limited between V" and V;™#*. Let Pp; and (Qp; be the real
and reactive powers of the load at bus i(i € B), respectively.
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Let Pg; and Qv ; be the real and reactive powers of the con-
ventional generator at bus i(i € G) with the lower/upper limits
pEin /pBiax and gimin /gmax regpectively. Notes that

Pei =0,Qv; =0,i € G. (D

Let Pw = (Pwi,i € B) and APw = (AP,,;,i € BB) be the
vector of the expected values of the predicted real power outputs
of the wind farms and the vector of the differences between Py
and its bounds, respectively, where Py; = 0 and APy; = 0
ifi & W. Then, a set R" of the uncertain wind power output
Py;(Vi € B) is defined as:

RY (W, Pw, APw) == {Pw; : 3; € Rs.t.||(il|o < TV
Pw; € [Pwi — APw(;, Pwi + APw; (), Vi€ BY  (2)

where {;(0 < {; < 1) is the degree of uncertainty of the power
output of the wind farm at bus i and {; = 0 when i & W;
W0 < T'W < 1) is the uncertainty level of the total wind
power generation of the system.

Let C;(Pgi) = c2; P2; + ¢1,Ps; + cy; be the quadratic cost
function of the generator i(i € §G). If the mean value of the
uncertain prediction error of the real power generation of each
wind farm is zero and A is the covariance matrix of the uncertain
prediction errors of the real power generations of all w wind
farms, then the expected generation cost is:

> CilPai)+ Y b8 3)
i€ €0
[Z;”Zl >y Ajk| Xca; and 3; is the participation
factor of the generator at bus (i € G) [1].
The objective of the RACOPF is to minimize (3) subject to
the constraints (1) and (4)—(15):
1) Power flow equation in the SOCP form

Pgi—Ppi+Pwi=Giicii+»_ [Gijeij—Bijsij] i € B (4)

where ¢, =

JjEB
Qvi—Qpi=—Bici+ Y [~Bijei;—Gijsij] i € B (5)
jEB
(‘/;_min)2 S Cii S (V;-max)Q,i cB (6)
cij = ¢jiy (i, j) € L (7
Sl‘j = —Sji, (L j) el (8)
c 452 < ciciy (4,4) € L. 9)

2) Bounds of actlve power of AC line flow

|Gij (cii — ¢ij) + Bigsij| < priys (i,5) € L. (10)
3) Bounds of generation and voltage
Poi+ 83 Y APwulw <pE,Ii€G (11)
weW
PN < Poi+Bi D APwy(u,i €6 (12)
wEW

@ < Qi < gPfieg (13)
(V)2 < ey < (V)i € B. (14)

4) Given magnitude of voltage at the reference bus
¢;; = 1 when bus 7 is the reference bus (15)
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where Cii — € + fz ,Cij = €4€4 + fifja Sij = eifi — ejfi,i,j
€ B; the value of B;(i € G) can be fixed or variable. When f3;
isa Variable an additional constraint ZZ cG B; = 1 is needed.
A discussion of the participation factor can be found in [1], [6]

Define the vector of decision variables =z =
[Pai, Qvi, Cis, Cijs 8i4: B) (5,7 € B,k € G) and vector of
uncertain parameters w = [(;](i € B), the RACOPF model
can be expressed as:

min max f(z, w)
x w

0 vweRY. (16)

The RACOPF can be converted to a computable model using
the explicit maximization method. For example, the constraint
(11) involves uncertain parameters. According to the uncer-
tainty set (2), (11) can be represented by a linear constraint (17)
with a oco-norm-bounded uncertainty:

PGZ ‘I'Bz Z APVV'wa pmax < O7VCw : |Cu}‘oo S IwVV

s.t g(z, w) <

wCW
a17)
where Pg;, 3, € 2,0, e W, i € Bandw € W.

Since max ¢ <pfi Z w APw .,y =
18 2w APwo \p*, where || Hp* denotes the dual p-norm
and 1/p + 1/p = 1 [4], (17) can be replaced with:

Pai+ 18 Y APyl — pE < 0. (18)
wew
In this letter, p is co. Thus, || - ||+ is one norm. The constraint

(18) is linear without uncertain parameters and is converted into
the mixed-integer form using the big-M method [4].

All other constraints containing uncertain parameters in (16)
can be replaced with linear constraints without uncertainty and
converted into the mixed-integer form in a similar way. The
RACOPF (16) is therefore reformulated in the following form:

min f (z)
st §(x) <0 (19)

The new model (19) does not contain any uncertainty and is a
MISOCP problem, which can be solved efficiently.

ITI. NUMERICAL RESULTS

The IEEE 14-bus, IEEE 118-bus, and 2736-bus systems
are used for simulation. All data of the test systems can be
found in [1]. The wind power penetrations relative to the total
load for the three systems are 30.89%, 23.57%, and 4.43%,
respectively. The reformulated RACOPF (19) is programmed
in MATLAB2013a and solved using Gurobi [5] on a 3.4-GHz
computer with a 16-G RAM. The maximum CPU times of
solving (19) for the three systems with different uncertainty
levels are 0.04 s, 0.3 s, and 100 s, respectively.

Table I compares the percentage increases in the optimal ob-
jective function values of the AAROPF and the RACOPF over
the nominal deterministic case (I'V' = 0) versus 'V when
Bi(i € @G) is fixed or variable. The optimal solutions of the
RACOPF are more robust than those of the AAROPF, because
for the same uncertainty level and 3;, the percentage increase
of the optimal objective function value of the RACOPF is al-
ways lower than that of the AAROPEF. In both models, a lower
optimal objective function value is gained when 3; is variable
as expected. Moreover, a larger power network has lower per-
centage increases in the optimal objective function value due to
the increased flexibility in the redispatch through s 3;s(i € G)
and the lower wind power penetration level.

Next, the expected generation costs of the RACOPF and the
AAROPF are compared using Monte Carlo simulations, where
all 3;s(i € G) are variable, and 50000 scenarios of the uncer-
tain wind power generations are generated for each test system
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TABLE I
COMPARISON OF PERCENTAGE INCREASE IN OBJECTIVE FUNCTION VALUE
OF AAROPF AND RACOPF FOR DIFFERENT LEVELS OF UNCERTAINTY

IEEE 14-bus IEEE 118-bus 2736-bus

fixed 8 variable § | fixed 8 variable £ | fixed 8 variable 3
v = i * # oo *oo# * 4 R
0 0 0 0 0 0of 0 0 0 0 0 0
0.1] 1.42]10.04| 1.40 0.40]005]043]0.04[0.18]0.15]0.16[0.11
02] 2.85|026| 280 0.87|009|082|005[035/029]032(0.14
03] 428|040| 4.21 1.44]0.14[1.18][0.06/0.53|10.43|0.48/0.32
04] 572|059 5.62 012.1210.2011.57|10.06|0.71|0.58|0.64|0.46
05 7.17|2.15] 7.05|1098]292]0.25|1.97|0.06|0.89|0.72|0.80|0.63
0.6] 8.61|3.70| 8.47]2.32(3.83]0.57]|2.36/0.22|1.06/0.86|/0.96|0.79
0.711007]526| 991|3.68|485|1.21|2.76|0.79|1.24|099|1.13]0.92
08]11.53]6.82|11.35{5.04|598|1.86|3.15{1.37|1.42]1.14/1.29]1.04
09]11299|838|12.79|16.40|7.23|2.50|3.55|1.95|1.59|1.28|1.45]1.17
1 --|19.94|14.25|7.77|8.59(3.15|3.94[2.52|1.77|1.42]1.61|1.28

*: AAROPF: # RACOPF; --: No solution.

0
0
0
0

TABLE 11
PERCENTAGE DECREASE IN EXPECTED OBJECTIVE FUNCTION VALUE OF
RACOPF WITH RESPECT TO AAROPF FOR DIFFERENT UNCERTAINTY LEVELS

rv 0 0.1 |02 |03 |04 |05 |06 |07 |08 |09 |1
14-bus  |0.46]|045/044(044[043[041|041|041[0.41[{0.41]0.41
118-bus |1.54]0.54[0.71]0.59[0.58]0.57]0.56]0.56[0.56]0.47]0.48
2736-bus [ 1.83 | 1.03[1.041.05{1.07]1.10{1.05]1.12[1.11]1.07|1.15
118-bus | 0.63] 0.34] 0.39] 0.39| 0.38] 04| 0.36] 0.36] 0.36f 0.35] 0.38
(s Jos3]orflo2]o2]o02]o1]o2]o1]o1]01]o0.1

by using a multivariate normal distribution with zero means
and a covariance matrix A given in [1]. In each scenario, the
wind power is known; the generations of the RACOPF and
the AAROPF are adjusted for real-time dispatch by solving a
traditional AC-OPF problem using a primal-dual interior point
method, where 3;s(i € G) are obtained from the optimal so-
lutions of the RACOPF and AAROPF, respectively. Rows 2—4
of Table II presents the percentage decreases in the expected
generation cost of the RACOPF with respect to the AAROPF
over the 50000 scenarios for different wind power uncertainty
levels, where the realizations of the uncertain wind power gen-
erations in the 50000 scenarios have been covered by the RO
models. The result in Row 5 is similar to that in Row 3, but
the maximum variation of wind power generations in the 50000
scenarios is 1.5 times the uncertainty level considered by the
RO models. In other words, not all of the realizations of the
uncertain wind power generations in the 50000 scenarios are
covered by the RO models. As a result, wind spillage or load
curtailment may occur. The last row presents the percentage de-
crease of the wind spillage or load curtailment scenarios using
the RACOPF with respect to the AAROPF over the 50000 sce-
narios. The RACOPF always gains a lower expected generation
cost than the AAROPF. The improvement is more significant
for a larger power network. The results show that the RACOPF
outperforms the AAROPF.
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